In this paper, we calculate groups of S -units in hyperelliptic fields.
Let k = F q ( x ) be the field of rational functions of one variable over a finite field F q of characteristic p > 2, and let be a square-free polynomial with a 0 ≠ 0 . Let S be an arbitrary finite set of nonequivalent valuations of the field K containing | · | ∞ , and let S 1 = { | · | ∞ , , …, } be the set of restrictions of valuations from S to the field k . We use O S to denote the ring of S -integer elements in K , i.e., of all z ∈ K such that |z| v ≥ 0 for all valuations |·| v of K not belonging to S. The set U S of invertible elements of the ring O S is called the group of S-units of the field K. By virtue of the generalized Dirichlet theorem about units (see [1, Chapter IV, The-
orem 9]), the group U S is the direct product of the group and the free Abelian group G of rank |S| -1. Independent generators of the group G are called fundamental S-units.
In the classical case of the quadratic extension L = Q( ) of the field Q, a fundamental unit of the field L can be found by expanding into a continued fraction [2] . However, for functional fields, the method of continued fractions does not always yield a fundamental unit. The purpose of this paper is to construct an algorithm for calculating fundamental S-units of a hyperelliptic field K.
The first proposition is of technical character. The following proposition characterizes S-integer elements in K. As in the case of S-integer elements, an element ε ∈
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K satisfying the condition N K/k (ε) = a … is not necessarily an S-unit. If ε = ∈ U S \ ,
then it follows from
Proposition 3 that
where k 1 , k 2 , …, k t are nonnegative integers. The following proposition shows that if the valuation equation (1) with fixed k 1 , k 2 , …, k t has a solution in polynomials f, g ∈ F q [x], then we can easily construct an S-unit. 
Proposition 4. Suppose that z
Then, ∈ U S . Now, consider the natural question of how a system of independent fundamental S-units expands when the set S is augmented with a new valuation |·| v . It is answered by the following theorem. 
a system of independent fundamental S'-units.
It follows from Theorem 1 that the key case in finding a system of independent fundamental S-units is as follows. Let v 1 , v 2 , …, v t ∈ F q [x] be irreducible polynomials such that each valuation admits two extensions and to K. We set S = {|·| ∞ , , …, }, i.e., include precisely one of the two extensions of to K in S.
First, consider the minimal case, in which S = {|·| ∞ , |·| v' }. If ε ∈ U S , then, by Proposition 3, we have N K/k (ε) = av m . Therefore, to calculate a fundamental S-unit, we must find the minimum positive integer m for which the valuation equation
where a ∈ , has a solution in polynomials f, g ∈
The most complete result is obtained when v = x -a is a first-degree polynomial. Let be the completion of k with respect to the valuation |·| v . The field can be identified with the field F q ((v)) of formal power series. Since |·| v admits two extension to ä, it follows
The following theorem provides an algorithm for finding fundamental S-units. Proof. Suppose that m = 2r + 1 (the case of even m is considered similarly). Let f, g ∈ F q [x] be a solution to (2) . Then, degf ≤ r and deg g = r -n. Expanding f and g in powers of v, we obtain where f i , g j ∈ F q . Thus,
Theorem 2. Suppose that
The valuation equation (2) is equivalent to f + g = v i , which gives the following systems of linear equations for the coefficients f i and g j :
we can rewrite (4) in the matrix form (5)
Since the homogeneous system (5) of linear equations with matrix D r has a nonzero solution G, it follows that rankD r < r -n + 1.
Conversely, if rankD r < r -n + 1, then (5) has a nonzero solution G. Formulas (3) give the coefficients f i ; thus, we obtain polynomials f and g such that
Thus, to find a fundamental S-unit of the field K, we expand in a power series in the field k v ((v)). Then, successively calculating the ranks of the matrices D r and H r , we find a minimum positive integer r for which either rankD r < r -n + 1 or rankH r -1 < r -n. After that, solving the homogeneous system of linear equations (5), we obtain a nonzero polynomial g, and formulas (3) give a polynomial f. The required fundamental S-unit has the form f + g .
If K is the function field of an elliptic curve, i.e., degd = 3, then the matrices D r and H r are square, and Theorem 2 acquires the following form. In the case where deg v ≥ 2, the problem of finding a fundamental S-unit also reduces to solving a homogeneous system of linear equations. However, the matrix of this system is hard to write out explicitly. In this case, to solve the valuation equation (2) denotes the integer part of z). Since ∈ , it follows that the elements f and g can be represented as the formal power series
where the coefficients and L i are polynomials from 
Relations (7) give a homogeneous system of linear equations with respect to g 0 , g 1 , …, g e with some matrix A v :
System (8) has a nonzero solution if and only if rankA v ≤ e. If this condition holds, then we find the polynomial g from (8) and the polynomial f from (6).
Now, let S = {|·| ∞ , , …, }. According to assertion 2 of Theorem 1, a system of independent fundamental S-units can be constructed by induction. Let S i = {|·| ∞ , , …, }. Using Theorem 2, we find a fundamental S 1 -unit. Suppose that ε 1 , ε 2 , …, ε i are independent fundamental S i -units and Adding an S i + 1 -unit ε i + 1 with minimum possible positive integer exponent m i + 1, i + 1 , we obtain independent fundamental S i + 1 -units.
Let ε 1 , ε 2 , …, ε t be independent fundamental S-units thus constructed. Consider the valuation matrix If , , …, for another system of independent fundamental S-units, then and B = (b ij ) ∈ GL t (Z). It is easy to see that Therefore, multiplying H(ε 1 , ε 2 , …, ε t ) by a suitable matrix B ∈ GL t (Z) if necessary, we can assume that 0 ≤ Suppose that the units ε 1 , ε 2 , …, ε i -1 are already found. To find ε i , we must determine the minimum positive integer divisor m ii of m i and integers 0 ≤ m ij < m jj , where j = 1, 2, …, i -1, for which the valuation equation
where a ∈ , has a solution in polynomials f, g ∈ F q [x] . As in the case of one valuation, solving (9) reduces to solving a homogeneous system of linear equations. It follows from (9) 
